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We unravel the nonequilibrium quantum dynamics of two harmonically confined bosons in one
spatial dimension when performing an interaction quench from finite repulsive to attractive in-
teraction strengths and vice versa. A closed analytical form of the expansion coefficients of the
time-evolved two-body wavefunction is derived, while its dynamics is determined in terms of an
expansion over the postquench eigenstates. For both quench scenarios the temporal evolution is an-
alyzed by inspecting the one- and two-body reduced density matrices and densities, the momentum
distribution and the fidelity. Resorting to the fidelity spectrum and the eigenspectrum we identify
the dominant eigenstates of the system that govern the dynamics. Monitoring the dynamics of the
above-mentioned observables we provide signatures of the energetically higher-lying states triggered
by the quench.
I. INTRODUCTION
Ultracold quantum gases enable us to study a variety
of many-body quantum phenomena due to an exquisite
level of their control [1, 2]. The tremendous experimen-
tal progress, e.g. in terms of cooling and trapping tech-
niques [3], grants the tunability of several system pa-
rameters. These include the size of the atomic sample
[4–6], the shape and dimensionality of the external con-
finement [7] as well as the interaction strength via Fes-
hbach resonances [8, 9]. For dilute ultracold quantum
gases the interparticle interaction can be adequately ap-
proximated by a two-body contact interaction [10, 11].
Moreover, few-body systems due to their small number of
degrees of freedom allow us to deepen our understanding
of the system-specific microscopic mechanisms, the build
up of quantum correlations and the few-to-many body
crossover [12]. A promising route to gain insight into
such systems is to study their nonequilibrium quantum
dynamics induced, for instance, via a quantum quench
[13, 14]. In this context, the time-evolution is triggered
after a sudden change of an intrinsic system parameter
such as the interaction strength [15–18]. The dynamics
of such systems typically possesses a non-trivial depen-
dence on all available degrees of freedom, rendering the
analytical and even numerical treatment of few-body se-
tups particularly challenging. Of course, the existence of
analytical solutions is highly desirable since they provide
complete information about the system under investiga-
tion.
A prototype setup that can be analytically solved is
the system of two atoms interacting in terms of an s-wave
delta pseudopotential and being confined in a harmonic
trap [19–21]. The energy spectrum of this system has
also been verified experimentally [22]. Furthermore, the
stationary properties of two-bosons confined in isotropic
[19, 23–25] and anisotropic [26, 27] harmonic potentials
have been thoroughly investigated and a generalization
of the pseudopotential when taking into account higher
partial waves has been reported [28, 29].
However, the quantum dynamical evolution of the two
harmonically trapped bosons when resorting to an an-
alytical treatment is much less explored [30–33]. For
instance, the interaction effects of two atoms in a one-
dimensional harmonic trap with time-dependent fre-
quency have been studied [30], showcasing that for a
rapidly changing driving frequency the dynamics can be
understood via a proper rescaling of the observables. The
properties of the monopolar excitation have also been ex-
amined [32] upon quenching the trapping frequency of
the harmonic oscillator. In the same context and refer-
ring to very strong interactions the dynamical orthogo-
nality of the postquench state with respect to the initial
one has been found [33]. Moreover, the dynamical gener-
ation of entanglement when considering low-energy col-
lisions of the two atoms, each of them being initialized
in a superposition of two counterpropagating wavepack-
ets, has been investigated [34]. It has been also recently
shown that following an interaction quench from zero to
infinitely strong interactions and vice versa a dynamical
crossover from bosonic to fermionic properties is observed
[31]. An important remark here is that in this latter in-
vestigation, the wavefunction of both the pre- and the
postquench states is well-known due to the Bose-Fermi
theorem [35, 36]. However, the study of the interaction
quench dynamics of the two-boson setup within the inter-
mediate, either repulsive or attractive, interaction regime
utilizing an exact analytical treatment [19] remains to be
addressed. Indeed for intermediate interaction strengths
there is no closed form of the underlying basis states since
the eigenenergies of the problem are given by the numer-
ical solution of the corresponding transcendental equa-
tion. Such an investigation will permit us however to ex-
cite a variety of energetically higher-lying eigenstates and
also unravel the role of the existing bound state by uti-
2lizing the avoided crossings occurring in the two-particle
eigenspectrum. This knowledge might prove useful in
future investigations for designing specific state prepara-
tion processes [37–40].
In this work we investigate the nonequilibrium dynam-
ics of two harmonically trapped atoms in one-dimension
by considering an interaction quench from repulsive to at-
tractive interactions and vice versa. We first provide the
analytical expression of the interacting two-body wave-
function for an arbitrary stationary eigenstate. Subse-
quently, the time-evolution of the two-body wavefunc-
tion in terms of the postquench eigenstates is deter-
mined. In particular, a closed analytical form of the
corresponding expansion coefficients is derived. To ex-
plain the system’s dynamical response upon an interac-
tion quench we analyze the fidelity evolution and its spec-
trum [17, 41, 42]. The latter enables us to identify the
predominantly participating eigenstates after the quench.
The quench-induced spatial redistribution of the bosons,
manifested as a breathing motion, is visualized by in-
specting the time-evolution of the one- and two-body re-
duced density matrices [31]. We show that the spatial
structures imprinted upon these density matrices in the
course of the evolution signal the involvement of energet-
ically higher-lying states [43–45]. Moreover, the breath-
ing motion of the cloud becomes evident in the time-
evolution of the momentum distribution whose shape
exhibits strong signatures of the higher-lying populated
eigenstates. Finally, the dependence of the system’s dy-
namical response either on the initial eigenstate for fixed
postquench interaction strength or on the postquench in-
teraction strength for the same initial state is thoroughly
discussed. Remarkably enough, it is shown that the sys-
tem’s dynamical response exhibits a crossover from en-
hanced to weak response as a function of the postquench
interaction strength. This alternating behavior is caused
by the participation of the existing bound state to the
postquench dynamics for strong attractions.
This article is organized as follows. In Sec. II, we
present our setup and discuss its stationary solutions
and their time-evolution together with the relevant ob-
servables. In Sec. III, we study the interaction quench
dynamics from the repulsive to the attractive regime of
interactions while in Sec. IV the reverse quench scenario
(from attractive to repulsive interactions) is analyzed.
We summarize our findings and discuss future perspec-
tives in Sec. V. Appendix A delineates the convergence
of our results in terms of the finite basis size used.
II. THEORETICAL FRAMEWORK
A. Setup and Wavefunction Ansatz
We consider two identical harmonically trapped bosons
located at x1 and x2 respectively in one spatial dimen-
sion. The interparticle interaction is modeled by a point-
like δ-potential of effective strength
√
2g [19, 31] which
can be either repulsive (g > 0) or attractive (g < 0).
The resulting Hamiltonian, rescaled in harmonic oscilla-
tor units i.e. m = ~ = ω = 1, reads
H(x1, x2) = −1
2
∂2
∂x12
+
1
2
x21 −
1
2
∂2
∂x22
+
1
2
x22
+
√
2gδ(x1 − x2),
(1)
where the factor
√
2 has been introduced for later conve-
nience. Introducing the center-of-mass (cm), X = (x1 +
x2)/
√
2, and relative (rel) coordinates, x = (x1−x2)/
√
2,
reduces the two-particle problem to two effective single-
particle problems. Consequently the Hamiltonian of Eq.
(1) is separated into its center-of-mass, Hcm, and relative
coordinate parts, Hrel. Namely
H(X, x) = −1
2
∂2
∂X2
+
1
2
X2︸ ︷︷ ︸
Hcm
−1
2
∂2
∂x2
+
1
2
x2 + gδ(x)︸ ︷︷ ︸
Hrel
.
(2)
In this way, the total wavefunction of the system can be
decomposed into its center-of-mass and relative eigen-
states
Ψ(x1, x2) = Ψcm(X(x1, x2))Ψrel(x(x1, x2)). (3)
As it can be seen from Eq. (1) the center-of-mass eigen-
states are not affected by the interparticle interaction,
g. Therefore, they correspond to the well-known har-
monic oscillator eigenstates. In what follows we shall use
the center-of-mass ground state Ψ0;cm(X) = π
− 1
4 e−
X2
2 .
On the other hand, Hrel is an effective single-particle
problem referring to one particle in a harmonic trap
with a delta-potential at the origin x = 0. Since the
bosonic exchange symmetry is reflected in the parity
symmetry of the relative coordinate wavefunctions, we
consider only the even eigenstates of Hrel. Thus, in
the following, we denote the total wavefunction of Eq.
(3) as Ψ0;2νi(x1, x2), where the quantum numbers 0 and
2νi (with νi = 0, 1, 2, . . . ) stand for the center-of-mass
ground state and the even eigenstates of Hrel respec-
tively. Note that from now on the index i appearing in
all quantities indicates that they refer to the initial (pre-
quench) state of the system, while for the postquench
(final) states we shall use the index f [see also the dis-
cussion in Sec. II C].
We employ as an ansatz for the even eigen-
states of Hrel a time-independent superposition in
terms of the non-interacting even eigenstates of the
harmonic oscillator. The latter are ϕ2n(x) =
(1/π1/4
√
22n(2n)!)H2n(x)e
−x2/2, with H2n(x) denoting
the corresponding Hermite polynomials. Then, the ex-
pansion of the relative wavefunction [19] reads
Ψ2νi;rel(x) = A
2νi
∑
0≤n≤∞
ϕ∗2n(0)
E2n − E2νi
ϕ2n(x), (4)
where the index n refers to the energetic order of the
non-interacting harmonic oscillator eigenstates. More-
3over, E2n and E2νi are the energies of the even eigen-
states of the non-interacting and interacting (relative co-
ordinates) case respectively. The normalization constant
A2νi can be expressed [25] in the following closed form
A2νi =
√
4Γ(12 − ǫi)
Γ(−ǫi)[ψ(12 − ǫi)− ψ(−ǫi)]
. (5)
In this expression ǫi =
E2νi
2 − 14 , while Γ and ψ refer to the
gamma and digamma functions [46–48] respectively. We
remark that the eigenstates [see Eq. (4)] can otherwise
be expressed in terms of the confluent hypergeometric
function U and the gamma function Γ [30, 34] as
Ψ2νi;rel(x) =
A2νi
2
√
π
Γ(−ǫi)U(−ǫi, 1
2
, x2)e−
x2
2 . (6)
Furthermore, the energy-eigenvalues of the even eigen-
states of Hrel can be determined for a fixed value of the
interaction strength by numerically solving the following
transcendental equation [19]
Γ(−E2νi2 + 34 )
Γ(−E2νi2 + 14 )
= −g
2
. (7)
Figure 1 presents the first few lowest-lying eigenener-
gies of Hrel obtained via Eq. (7). As expected, in the
non-interacting limit, g = 0, the eigenspectrum of Hrel
corresponds to the single-particle eigenspectrum of the
harmonic oscillator possessing equidistant eigenenergies
νi + 1/2 with νi = 0, 1, 2, . . . indexing the energy levels.
However, for a finite value of g, being either positive or
negative, the energy spectrum is altered. In particular,
in the case of g 6= 0 the odd levels E2νi+1 are not affected
by the interaction potential δ(x) since their eigenstates
always exhibit a node at x = 0. On the contrary, the even
states acquire an increasing (decreasing) energy E2νi for
g > 0 (g < 0). Ultimately, each even level approaches
energetically the next (previous) upper (lower) odd level
at g → ∞ (g → −∞) thus forming a doublet spectrum
which is characteristic for double-well potentials [49–51].
B. Basic Observables in a Stationary State
Let us next briefly introduce a few basic observables
when the system resides in a stationary eigenstate char-
acterized by the quantum number νi. These observables
will be subsequently employed for the interpretation of
the interaction quench dynamics. The one-body reduced
density matrix [52, 53], ρ(1)(x1, x
′
1), provides the proba-
bility to find one boson, due to its wave nature, simulta-
neously at positions x1 and x
′
1
ρ(1)(x1, x
′
1) =
∫ ∞
−∞
dx2Ψ0;2νi(x1, x2)Ψ
∗
0;2νi(x
′
1, x2)
=
∑
0≤k≤∞
λ2νik β
2νi
k (x1)β
2νi∗
k (x
′
1).
(8)
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FIG. 1. Energy spectrum as a function of the interaction
strength, g, of two-bosons confined in an one-dimensional
harmonic trap. Both the eigenenergies of the symmetric
(νi = 0, 2, 4, . . . ) interaction-dependent and antisymmetric
(νi = 1, 3, . . . ) interaction-independent eigenstates of the rel-
ative motion for two-bosons are depicted. The double arrows
indicate the energy gap between the νi = 0 and νi = 2 energy
levels at different interaction strengths.
We remark that its diagonal i.e. x′1 = x1 is the single-
particle density ρ(1)(x1) ≡ ρ(1)(x1, x′1 = x1). In the sec-
ond line of Eq. (8) we have also introduced the decompo-
sition of ρ(1)(x1, x
′
1) in terms of its corresponding eigen-
functions, the so-called natural orbitals β2νik , and eigen-
values λ2νik termed natural populations [34]. The index
k labels the k-th natural orbital and natural population
respectively of the initial eigenstate with quantum num-
ber 2νi. The natural populations are λ
2νi
k = N−2(k)2
kk!
pi
1
2
with N−2(k) = 2−kk! π1/2
∑
0<n<∞ 2
−2n
(
2n
k
) ∣∣∣A2νiφ∗2n(0)E2n−E2νi
∣∣∣2.
Regarding the stationary eigenstates of quantum number
2νi [see Eq. (4) or (6)] it can be easily shown that
β2νik (x1) = N (k)
∑
0≤n≤∞
with k≤2n
2−2n√
(2n)!
(
2n
k
)
×A
2νiϕ∗2n(0)
E2n − E2νi
H2n−k(x1)e
−
x2
1
2 ,
(9)
with n indexing the energetic order of the non-interacting
harmonic oscillator eigenstates. The normalization con-
stant N (k) ensures that the natural orbitals are normal-
ized to unity. The corresponding momentum distribution
[31, 34, 54] of the single-particle density matrix reads
n(p1) =
∑
0≤k≤∞
λ2νik |β2νik (p1)|2, (10)
4where k labels the natural orbitals. In this expression we
have used that
β2νik (p1) = (−1)−
3k
2 N (k)
∑
0≤n≤∞
with k≤2n
(−1)3n 2
−2n√
(2n)!
(
2n
k
)
×A
2νiϕ∗2n(0)
E2n − E2νi
H2n−k(p1)e
−
p2
1
2 .
(11)
Since we are also interested in examining the occurrence
of two-body correlations into the system we will, fur-
thermore, explore the diagonal of the two-body reduced
density matrix [53]
ρ(2)(x1, x2) = |Ψ0;2νi(x1, x2)|2. (12)
This quantity refers to the probability of finding two
atoms located at positions x1 and x2 respectively.
C. Quench Protocol and Time-Evolution of the
Wavefunction
We prepare our system in a stationary eigenstate
Ψ0;2νi(x1, x2) at interaction strength gi. To trigger the
dynamics we then quench the interaction strength instan-
taneously from the value gi to gf . We remark that the
indices i and f in every quantity denote that it refers
to the initial (prequench) and final (postquench) state
of the system respectively. The postquench system is
characterized by its stationary eigenstates Ψ0;2νf (x1, x2)
with energy eigenvalues E2νf +
1
2 . Note that the value
1
2 stems from the corresponding center-of-mass ground
state. Subsequently, the time-evolving state at time t is
described by the expansion over the eigenstates of the
postquench system with their time-dependent phase
Ψ0;2νf (x1, x2; t)
=
∑
0≤νf≤∞
e−it(E2νf+
1
2
)C2νf ;2νiΨ0;2νf (x1, x2).
(13)
Here, C2νf ;2νi = 〈Ψ0;2νf (x1, x2)|Ψ0;2νi(x1, x2)〉 =
〈Ψ2νf ;rel(x)|Ψ2νi;rel(x)〉 denote the overlap coefficients
between the initial eigenstate of the system and the fi-
nal one. Using the relative eigenstates given by Eq. (4)
and the orthogonality of the harmonic oscillator functions
ϕ2n(x) we can show that
C2νf ;2νi =
A2νiA2νf
E2νi − E2νf
[
∑
0≤n≤∞
ϕ2n(0)ϕ
∗
2n(0)
E2n − E2νi
−
∑
0≤n≤∞
ϕ2n(0)ϕ
∗
2n(0)
E2n − E2νf
].
(14)
Most importantly, utilizing the relation∑
0≤n≤∞
ϕ2n(0)ϕ
∗
2n(0)
E2n−E2νi
=
Γ(−
E2νi
2
+ 1
4
)
2Γ(−
E2νi
2
+ 3
4
)
[see also Eq.
(7)], the overlap coefficients acquire the closed form
C2νf ;2νi =
A2νiA2νf
gigf
gi − gf
E2νi − E2νf
. (15)
In this expression the normalization constants A2νi , A2νf
can be calculated analytically [see also Eq. (5)], whereas
the energies of the even energy levels of the pre- and
postquench Hamiltonian E2νi and E2νf are determined
via solving the transcendental Eq. (7) [19, 25]. In this
way, we have obtained a closed analytical form for the
expansion coefficients of the time-dependent two-body
wavefunction Ψ0;2νf (x1, x2; t). Therefore in order to cal-
culate the time-evolution of Ψ0;2νf (x1, x2; t) one needs to
numerically determine Eq. (13) being an infinite sum-
mation of postquench eigenstates characterized by the
quantum numbers νf . Of course, in practice this infinite
summation is truncated to a finite one given that the val-
ues of all system’s observables have been converged with
respect to a further adding of eigenstates. This trun-
cation procedure is showcased in Appendix A for some
observables. We finally note that it can be shown that
lim gi→gf
2νi→2νf
C2νf ;2νi = 1.
D. Time-Evolution of Observables
Having at hand the postquench system’s wavefunction
[Eq. (13)] we can calculate the time-evolution of the
observables of interest. Accordingly, the time-evolution
of the reduced single-particle density matrix reads
ρ(1)(x1, x
′
1; t) =
∑
0≤k≤∞
λkβk(x1; t)β
∗
k(x
′
1; t). (16)
Here, λk =
(∑
0≤νf≤∞
√
λ
2νf
k
)2
denotes the k-th eigen-
value of ρ(1)(x1, x
′
1; t) and λ
2νf
k refers to the k-th natural
population of the 2νf postquench eigenstate at interac-
tion strength gf . Moreover, βk(x1; t) is the k-th natu-
ral orbital being the k-th eigenfunction of ρ(1)(x1, x
′
1; t).
The βk(x1; t) can be expressed in terms of the natural
orbitals β
2νf
k (x1) of the corresponding stationary eigen-
states (characterized by the quantum number 2νf) at in-
teraction strength gf as
βk(x1; t) =
∑
0≤νf≤∞
e−ıE2νf tC2νf ;2νiβ
2νf
k (x1). (17)
The momentum distribution during the dynamics [34, 41,
54] reads
n(p1; t) =
∑
0≤k≤∞
λk|βk(p1; t)|2, (18)
with βk(p1; t) =
∑
0≤νf≤∞
e−ıE2νf tC2νf ;2νiβ
2νf
k (p1).
Moreover, the time-evolution of the two-body reduced
density matrix is
ρ(2)(x1, x2; t) = |Ψ0;2νf (x1, x2; t)|2. (19)
5As we have already argued above ρ(2)(x1, x2; t) provides
the probability to detect two atoms at a fixed time instant
t at positions x1 and x2, respectively. Finally, the over-
lap between the initial (stationary state) and the time-
evolving wavefunction yields the fidelity [42, 55, 56] of
the system
F (t) =
∣∣〈Ψ2νi;rel(x; t = 0)|Ψ2νf ;rel(x; t)〉∣∣
= |
∑
0≤νf≤∞
e−iE2νf t|C2νf ;2νi |2|. (20)
This quantity provides a time-resolved measure for the
effect of the quench onto the system and therefore
dictates its dynamical response following the quench
[17, 18, 41, 42, 57, 58]. We remark that for the fidelity
calculation only the relative coordinate states contribute
since the center-of-mass is unperturbed. F (t) takes val-
ues from zero (the two states are orthogonal) to unity
(the two states are the same). Since the fidelity offers
a measure for the system’s dynamical response its spec-
trum
F (ω) =
1√
2π
∫ ∞
−∞
dt|F (t)|2eıωt
=
√
2π
∑
0≤νf ,νh≤∞
|C2νf ;2νi |2|C2νh ;2νi |2δ(ω − ω2νf ;2νh),
(21)
provides information about the frequencies of the quench-
induced modes. Here, ω2νf ;2νh ≡ E2νf − E2νh refers to
the energy difference between two even energy levels (de-
noted by 2νf ≡ ν′f and 2νh ≡ ν′h) of the postquench
system. The contribution of each frequency ω2νf ;2νh to
F (t) can be quantified via the corresponding overlap co-
efficients,
∣∣C2νf ;2νi∣∣2 and |C2νh;2νi |2, of the two involved
postquench states i.e. Ψ2νf ;rel(x) and Ψ2νh;rel(x) with
the prequenched (initial) state Ψ2νi;rel(x). Note finally
that since we consider the total wavefunction of the sys-
tem to be normalized to unity, then
∑∞
νf=0
∣∣C2νf ;2νi ∣∣2 =
1 holds.
Having introduced the basic formalism and observables
for the time-evolution of the two-boson system we next
proceed to the description of the corresponding interac-
tion quench-induced dynamics. In particular, we shall
mainly analyze two different quench scenarios: an inter-
action quench from the repulsive towards the attractive
side of interactions [see Section III] and vice versa [see
Section IV].
III. QUENCH DYNAMICS FROM REPULSIVE
TO ATTRACTIVE INTERACTIONS
We first examine the characteristics of the nonequilib-
rium dynamics of two harmonically trapped bosons when
considering a sudden change (quench) of their interaction
strength from repulsive to attractive interactions. In par-
ticular, the system is initially prepared in its ground state
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FIG. 2. (a) Time-evolution of the fidelity for an interaction
quench from gi = 2 to gf = −2. (b) The corresponding
fidelity spectrum F (ω). The inset shows the square of the
overlap coefficients,
∣
∣C2νf ;2νi=0
∣
∣2, between the initial (ground,
2νi = 0) state of the system at gi = 2 and each of the first five
(ν′f ≡ 2νf = 0, 2, . . . , 8) even eigenstates of the postquench,
gf = −2, system. In all cases the system consists of two-
bosons confined in an one-dimensional harmonic oscillator
and it is initialized in the ground state of gi = 2.
gi gf ∆E2;0 ∆E4;0 ∆E6;0 ∆E4;2 ∆E6;2 ∆E8;2 ∆E8;0
2 -2 3.95 6.06 8.11 2.11 4.17 6.20 10.15
-2 2 1.85 3.78 5.73 1.93 3.88 5.85 7.70
TABLE I. Energy differences ∆E2νf ;2νh = E2νf − E2νh be-
tween two distinct even eigenstates, 2νf and 2νh respectively,
of the postquench system. The system of two-bosons is pre-
pared in its ground state of interaction strength gi and at
t = 0 the interaction strength is quenched to gf .
E2νi=0 for gi = 2 and at t = 0 an interaction quench
towards gf = −2 is performed enforcing the system to
evolve.
To inspect the system’s overall dynamical response we
utilize the fidelity evolution F (t) [see also Eq. (20)],
which essentially provides the overlap between the time
evolved and the initial state of the system [56–58]. As it
can be seen in Fig. 2 (a), F (t) deviates significantly from
unity indicating a noteworthy perturbation of the system
from its initial state. In particular, F (t) exhibits an os-
cillatory behavior involving several frequencies. During
this oscillatory motion of F (t) the system is driven away
from its initial state when F (t)≪ 1 and returns close to it
within the time-intervals where F (t) ≈ 1. The involved
frequencies can be quantified via the corresponding fi-
delity spectrum F (ω) [see also Eq. (21)] which is shown
in Fig. 2 (b). Indeed, we observe the appearance of
five frequency peaks located at ω4;2 ≈ 2.11, ω2;0 ≈ 3.95,
ω6;2 ≈ 4.17, ω4;0 ≈ 6.06 and ω6;0 ≈ 8.11 respectively. Re-
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FIG. 3. (a)-(d) Time-evolution of the one-body reduced den-
sity matrix, ρ(1)(x1, x
′
1; t), at different time-instants (see leg-
ends) following an interaction quench from gi = 2 to gf = −2.
(e) Snapshots of the one-body density, ρ(1)(x1, x
′
1 = x1; t), at
distinct times (see legend) during the evolution. ρ(1)(x1, x
′
1; t)
for the ground state of (f) gi = 2 and (g) gf = −2 and (h) the
second excited state (ν′f ≡ 2νf = 2) of gf = −2. In all cases
we consider two harmonically trapped bosons in one spatial
dimension prepared in their corresponding ground state with
gi = 2.
call that we use the notation ω2νf ;2νh , where 2νf and 2νh
denote two distinct even energy levels of the postquench
system. Moreover in order to assign each frequency peak
appearing in F (ω) to a corresponding energy difference
of two eigenstates of the postquench system we perform
the following analysis. We first determine the overlap co-
efficients
∣∣C2νf ;2νi=0∣∣2 between the prequenched (initial)
state, here 2νi = 0 at gi = 2, and different even states
(2νf = 0, 2, 4, . . . at gf = −2) of the postquench system.
The values of the corresponding coefficients
∣∣C2νf ;2νi=0∣∣2
are presented in the inset of Fig. 2 (b). As shown only
the first five even eigenstates, i.e. 2νf = 0, 2, . . . , 8, have
a non-negligible overlap with the initial state and espe-
cially the 2νf = 0 and 2νf = 2 possess the dominant
overlap. Combining the above knowledge in terms of
the
∣∣C2νf ;2νi=0∣∣2 with the corresponding energy differ-
ence between two distinct eigenstates at gf , see Fig. 1
and also Table I, we conclude upon the assignment of
each frequency peak in F (ω) to a transition among two
specific even final eigenstates e.g. 2νf and 2νh. In par-
ticular, only transitions between the eigenstates 2νf and
2νh which have a non-negligible overlap with the initial
state (i.e.
∣∣C2νf ;2νi=0∣∣2 6= 0 and |C2νh ;2νi=0|2 6= 0) are
permitted. Then, the value of ω2νf ;2νh occurring in F (ω)
should be the same with ∆E2νf ;2νh = E2νf − E2νh de-
termined from the two-body eigenspectrum [Fig. 1]. Ev-
idently, ω2;0 is the dominant participating frequency in
F (t) since it possesses the maximum amplitude in F (ω).
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FIG. 4. Momentum distribution n(p1; t) of the one-body den-
sity matrix at specific time-instants (see legend) of the evolu-
tion following an interaction quench from gi = 2 to gf = −2.
For simplicity, only positive momenta p1 are depicted. The
inset shows n(p1, 0) for certain even eigenstates (ν
′
f ≡ 2νf ) re-
ferring to interactions before or after the quench (see legend).
The system consists of two-bosons initialized in the ground
state of an one-dimensional harmonic trap with gi = 2.
A. Dynamics on the Single-Particle Level
To visualize the spatially resolved dynamics of the
two-bosons on the single-particle level we next resort to
the evolution of the one-body reduced density matrix,
ρ(1)(x1, x
′
1; t), following the interaction quench, see Fig.
3. We remark that this quantity shows the spatial distri-
bution of one boson while its diagonal, i.e. x1 = x
′
1, cor-
responds to the one-body density of the system. Starting
from the ground state of gi = 2 [Fig. 3 (f)] we observe
that ρ(1)(x1, x
′
1; t) deforms at the initial stages of the dy-
namics [see Fig. 3 (a)] developing a two-hump structure
along its anti-diagonal (x1 = −x′1) for later times [see
Fig. 3 (b) and (c)] and returns almost back to its ini-
tial shape for even longer times [see Fig. 3 (d)]. Then,
ρ(1)(x1, x
′
1; t) performs a similar to the aforementioned
dynamics in the course of the evolution in an almost pe-
riodic manner (not shown here for brevity reasons). The
above-described almost periodic deviation in time of the
system from its initial state is essentially reflected by the
oscillatory behavior of its F (t) as discussed in Fig. 2 (a).
Most importantly, the two-hump structure appearing in
the anti-diagonal of ρ(1)(x1, x
′
1; t) [Figs. 3 (b), (c)] dur-
ing the evolution is caused by the superposition of the
ground and the energetically higher-lying excited states
of the postquench system [43, 44, 51], see also the inset
of Fig. 2 (b). The occurrence of such a superposition
can also be inferred by inspecting the ρ(1)(x1, x
′
1; 0) of
these eigenstates, see e.g. Figs. 3 (g) and (h) where
ρ(1)(x1, x
′
1; 0) of the ground (2νf = 0) and the second
excited (2νf = 2) states are depicted. Turning to the
diagonal of ρ(1)(x1, x
′
1 = x1; t) ≡ ρ(1)(x1; t), i.e. the one-
body density of the system [see Fig. 3 (e)], we can deduce
7that the cloud undergoes an expansion and contraction
dynamics which is a manifestation, of course, of its un-
derlying breathing motion [59, 60].
As a next step and in order to analyze the motion of
the two-atoms in momentum space [31, 34] we employ
the time-evolution of the momentum distribution of the
one-body density matrix n(p1; t) [see Eq. (18)]. This
quantity is directly experimentally accessible via time-
of-flight measurements [2]. Figure 4 presents n(p1; t) for
distinct time-instants of the interaction quench dynamics
from the repulsive towards the attractive regime of inter-
actions. Note that for simplicity only positive momenta,
i.e. p1 > 0, are depicted since n(p1; t) is symmetric with
respect to p1 = 0. As expected n(p1; t) shows a behavior
which is reminiscent of the corresponding of the one-body
density ρ(1)(x1; t), compare Fig. 3 (f) and Fig. 4. In this
way, the overall expansion and contraction of n(p1; t) dur-
ing dynamics essentially visualizes the breathing motion
in momentum space [41, 43]. Initially, e.g. at t = 0.1,
n(p1; t) exhibits a peak around p1 = 0 resembling also
n(p1; t = 0), see the inset of Fig. 4. As time evolves
(e.g. t = π/8) a strong reduction of the zero-momentum
peak is observed and a new maximum at finite momenta
occurs, e.g. at t = π/4 in the vicinity of p1 ≈ 1.2. The
appearance of this peak at finite p1 is mainly caused due
to the superposition of the two-boson state in terms of
the ground (2νf = 0) and the second (2νf = 2) excited
states for gf = −2 [see also the inset of Fig. 4]. For
longer times, e.g. at t = π/2, n(p1; t) turns back to its
original shape having a maximum in the neighborhood
of p1 = 0. As we argued above the motion is almost pe-
riodic, and therefore n(p1; t) undergoes a similar to the
above-mentioned dynamics in the course of the evolution
(not shown here).
B. Time-Evolution on the Two-Body Level
To further understand the nonequilibrium dynamics of
the two-atoms we subsequently explore the evolution of
the two-body reduced density matrix ρ(2)(x1, x2; t) [see
Eq. (19)], illustrated in Figs. 5 (a)-(f). At the very early
stages of the dynamics ρ(2)(x1, x2; t) [see Fig. 5 (a)] re-
sembles ρ(2)(x1, x2; 0) of the initial (ground) state [see
Fig. 5 (g)]. Indeed, ρ(2)(x1, x2; t) possesses a depleted di-
agonal and its anti-diagonal is more pronounced having
a two-hump structure which indicates that two-bosons
are more likely to reside one in the left and the other in
the right side with respect to the center x1 = x2 = 0
of the harmonic oscillator. It is worth stressing at this
point that the depleted diagonal (also known as corre-
lation hole) of ρ(2)(x1, x2; 0) stems from the existence of
the initial strong repulsive interactions [43, 44]. As time
evolves, see Figs. 5 (b)-(e), these two-humps located at
the anti-diagonal separate in space and their amplitude
reduces, while the diagonal acquires a finite value being
larger than that of the anti-diagonal. This latter behav-
ior of ρ(2)(x1, x2; t) suggests that in the aforementioned
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FIG. 5. (a)-(f) Time-evolution of the two-body reduced den-
sity matrix, ρ(2)(x1, x2; t), at different time-instants (see leg-
ends) of the dynamics when considering an interaction quench
from gi = 2 to gf = −2. ρ
(2)(x1, x2; t) for the ground state
of (g) gi = 2 and (h) gf = −2 and (i) the second excited
state of gf = −2. In all cases the system consists of two har-
monically trapped bosons in one-dimension being initialized
in their ground state for gi = 2.
time interval, it is more probable for the two-bosons to
be found in the vicinity of the center x1 = x2 = 0 of
the harmonic trap than anywhere else in space. More-
over the above-described structure of ρ(2)(x1, x2; t) is pre-
dominantly caused by the involvement of the ground and
the second excited states in the two-body state of the
postquench system, see also Figs. 5 (h), (i). For longer
times ρ(2)(x1, x2; t) returns close to ρ
(2)(x1, x2; 0) of the
prequenched ground state [Fig. 5 (f)] and subsequently
performs a similar to the above-described motion (not
shown here) as time increases.
C. Dependence on the Initial and Final States
Having discussed the characteristics of the nonequilib-
rium dynamics starting from the ground state of gi = 2
and quenching to gf = −2, we subsequently examine the
dependence of the system’s dynamical response on the
final interaction strength gf . Since we are interested in
the behavior of the dynamical response, we invoke as an
appropriate measure the fidelity evolution. Figure 6 (a)
presents F (t) for an interaction quench from gi = 2 to
different negative values of the postquench interaction
strength gf . It becomes evident that the system’s dy-
namical response can be (roughly) divided into two dif-
ferent interaction regimes, namely one for gf > −2 and
the other one for gf < −2. Indeed, for gf ∈ (2,−2] the
oscillation period of F (t) becomes smaller acquiring also
a larger amplitude for increasing gf , e.g. compare F (t)
for gf = −1 and gf = −2. On the other hand, when
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FIG. 6. (a) Fidelity evolution after an interaction quench
from the ground state of gi = 2 to different values of attrac-
tive interactions gf (see legend). (b) Square of the overlap
coefficients
∣
∣C2νf ;2νi=0
∣
∣
2
between the 2νi = 0 and distinct
2νf (see legend) with respect to the postquench interaction
strength gf . In both cases, two harmonically trapped bosons
in one-dimension are considered.
gf ∈ (−2,−∞) F (t) oscillates with both a smaller pe-
riod and amplitude as gf takes larger negative values,
e.g. see F (t) for gf = −2.5 and gf = −7 respectively.
Let us now interpret the characteristics as well as the
origin of the above-mentioned different behavior of F (t)
in these interaction intervals. It is apparent from F (t)
that for an increasing gf within the interaction interval
(2,−2] [(−2,−∞)] the system deviates stronger [weaker]
from its initial state since the oscillation amplitude of
F (t) becomes larger [smaller]. This alternating behavior
of the oscillation amplitude of F (t) can be understood
by inspecting the contribution of the ground and the sec-
ond excited states after the quench, given by the over-
lap coefficients
∣∣C2νf ;2νi=0∣∣2, for a larger gf . Recall that
these states are indeed predominantly contributing for
the quench under consideration. Of course, their mag-
nitudes determine the oscillation amplitude of F (t) [see
also Eqs. (20) and (21)] which becomes maximal when
they are comparable. Indeed inspecting
∣∣C2νf ;2νi=0∣∣2
with respect to gf [Fig. 6 (b)] reveals that they pos-
sess an equal population at gf ≈ −2 while for gf > −2
[gf < −2] the postquench ground state has the larger
[smaller] occupation. To understand the decreasing pe-
riod of F (t) as gf increases we determine the energy dif-
ference, ∆E, between the ground and the second excited
state of the postquench system for varying gf , since this
∆E is mainly responsible for the oscillation period of F (t)
[see Eq. (21)]. Employing the complete energy spectrum
of the two-boson problem presented in Fig. 1 we indeed
observe that due to the divergence of the ground state
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FIG. 7. (a) Time-evolution of the fidelity following an inter-
action quench from a higher-lying excited state (see legend)
of the harmonic oscillator for gi = 2 to gf = −2. (b), (c), (d)
The corresponding
∣
∣C2νf ;2νi
∣
∣2 between an initial even eigen-
state 2νi (see legend) at gi = 2 and different eigenstates of
the final, at gf = −2, system. The system consists of two
bosons trapped in a one-dimensional hamonic oscillator.
energy branch with increasing magnitude of attractive
interactions ∆E increases [see the double arrows in in
Fig. 1]. In turn, this increasing tendency of ∆E results
in the corresponding decrease of the oscillation period of
F (t).
0 1 2 3 4 5 6
0
0.5
1
0 2 4 6 8
0
0.2
0.4
2 4 60 8 10
0.05
0.10
0
(a)
(b)
FIG. 8. (a) Fidelity evolution after an interaction quench of
two harmonically trapped bosons from gi = −2 to gf = 2 and
(b) the corresponding fidelity spectrum. The inset presents
the square of the overlap coefficients,
∣
∣C2νf ;2νi=0
∣
∣
2
, between
the initial state (2νi = 0) of the system and the first five
(ν′f ≡ 2νf = 0, 2 . . . , 8) even eigenstates of the postquench,
at gf = 2, system. The two harmonically trapped bosons are
initialized in their ground state with gi = −2.
9Next we unravel the dependence of the system’s dy-
namical response on the initial eigenstate of the sys-
tem for fixed pre- and postquench interaction strengths,
namely gi = 2 and gf = −2. The corresponding F (t)
is illustrated in Fig. 7 (a) starting from different ex-
cited states. As it can be seen, initializing the sys-
tem in a higher-lying excited state results in a decreas-
ing oscillation amplitude of F (t) but a larger amount
of involved frequencies, see in particular the increasing
number of amplitude oscillations in F (t). This behav-
ior can be easily understood by employing the definition
of the fidelity [Eq. (20)] and explicitly determining the
overlap coefficients,
∣∣C2νi;2νf ∣∣2 between the initial and
the final states of the system, see Figs. 7 (b), (c) and
(d). Indeed, initializing the system in a higher-lying
excited state results in the dominant population of one
postquench state whereas also a multitude of other states
exhibit a very small contribution. The participation of
all these weakly populated states on the one hand gives
rise to a variety of frequencies but also causes a weak
oscillation amplitude of F (t) since these states possess
a very small overlap with the initial state. Recall that
F (t) ∝
√∑
2νh<2νf
cos(ω2νh;2νf ) |C2νh;2νi |2
∣∣C2νf ;2νi∣∣2,
with 2νh, 2νf denoting different postquench even eigen-
states. This is indeed in sharp contrast to the situation
in which the system is prepared in its ground state. As
it has been argued above, in this case the ground and
the second excited states mainly contribute to the dy-
namics [see the inset of Fig. 2 (b)] since their energy
gap is smaller when compared to the energy gaps of the
postquench ground state with the other states. Then
F (t) involves a predominant frequency, being the energy
difference of these two states, and exhibits a large oscil-
lation amplitude.
IV. QUENCH DYNAMICS FROM
ATTRACTIVE TO REPULSIVE INTERACTIONS
As a next step we consider the reverse quench sce-
nario, namely quenching the interaction strength from
attractive to repulsive values. In particular, the system
is prepared in its attractively interacting ground state at
gi = −2 and we perform an interaction quench at t = 0
to gf = 2.
A. Dynamical Response
To gain an overview of the system’s dynamical re-
sponse we first employ F (t), shown in Fig. 8 (a). F (t) dif-
fers strongly from unity during the evolution, thus show-
casing that the system deviates significantly from its ini-
tial state. Most importantly, F (t) performs oscillations
in time with a decaying amplitude. The latter behav-
ior suggests that a multitude of frequencies, and there-
fore different states, contribute to the dynamics. Indeed,
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FIG. 9. (a)-(e) Snapshots (see legends) of the one-body re-
duced density matrix, ρ(1)(x1, x
′
1; t), following an interaction
quench of two initially attractive bosons from gi = −2 to gf =
2. (f) Profiles of the one-body density, ρ(1)(x1, x
′
1 = x1; t), for
distinct time-instants (see legend) in the course of the evolu-
tion. ρ(1)(x1, x
′
1; t) for the ground state of (h) gi = −2 and (i)
gf = 2 and (j) the second excited state of gf = 2. In all cases
two-bosons are trapped in an one-dimensional harmonic trap
and they are prepared in their corresponding ground state
with gi = −2.
invoking F (ω) [Fig. 8 (b)] we are able to identify the
distinct participating frequencies. Since these frequen-
cies correspond to transitions between individual states
after the quench we also determine the overlap coeffi-
cients
∣∣C2νf ;2νi=0∣∣2, between the initial state (2νi = 0)
and the different postquench even eigenstates (2νf ) of
the system.
∣∣C2νf ;2νi=0∣∣2 are shown in the inset of Fig. 8
(b) for the first five (2νf = 0, 2, . . . , 8) even low-lying ex-
cited states of the postquench system. Evidently, the first
three (2νf = 0, 2, 4) even lowest-lying states of the sys-
tem after the quench possess the dominant contribution
while the fourth (2νf = 6) and the fifth (2νf = 8) have
a much smaller contribution. This knowledge combined
with the values of the energy differences between these
states (see Table I) enables us to assign to each peak
in F (ω) the underlying transition between eigenstates.
Indeed, we can conclude that the dominant peaks ap-
pearing in F (ω) correspond to ω2;0 ≈ 1.85, ω4;0 ≈ 3.78,
ω6;0 ≈ 5.73, ω8;0 ≈ 7.7 and ω10;0 ≈ 9.68 respectively.
Note that also other transitions such as ω4;2 and ω6;2
take place exhibiting, however, a smaller contribution
[see their amplitude in Fig. 8 (b)].
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FIG. 10. Snapshots of the momentum distribution n(p1; t) at
different time-instants (see legend) of the evolution following
an interaction quench from gi = −2 to gf = 2. Only positive
momenta p1 are depicted. The inset illustrates n(p1, 0) for
specific system’s eigenstates referring to interactions before
or after the quench (see legend). The system of two-bosons is
initialized in the ground state of an one-dimensional harmonic
trap with attractive interactions gi = −2.
B. One-Body Reduced Density matrix and
Momentum Distribution
To showcase the dynamical spatial redistribution of the
atoms on the single-particle level we study the evolution
of the one-body reduced density matrix ρ(1)(x1, x
′
1; t), see
Figs. 9 (a)-(f). At the initial instants of the evolution,
e.g. see Figs. 9 (a) and (b), ρ(1)(x1, x
′
1; t) is mainly con-
centrated in its diagonal exhibiting a pronounced peak at
x1 = x
′
1 = 0. This structure, caused by the initial attrac-
tive interactions [45], highly resembles the ground state
distribution of ρ(1)(x1, x
′
1; 0) [Fig. 9 (g)] and indicates
that the bosons are mainly localized around the center,
x1 = x
′
1 = 0, of the trap. At later times ρ
(1)(x1, x
′
1; t)
[Figs. 9 (c)-(e)] starts to significantly deform from the
previous configuration by means that it becomes more
elongated along its diagonal while also its off-diagonal el-
ements acquire small values. The observed spatial defor-
mation of ρ(1)(x1, x
′
1; t) is a manifestation of the superpo-
sition of the ground and the second excited postquench
states [see Figs. 9 (h), (i)] as well as higher-lying ex-
cited states (not shown here for brevity reasons) that
have already been identified via the fidelity spectrum.
For later times ρ(1)(x1, x
′
1; t) comes back very close to its
original shape [Fig. 9 (f)] and then for increasing time
again deforms (not shown here) since the motion is close
to periodic, see also F (t). Focusing on the diagonal of
ρ(1)(x1, x
′
1; t), i.e. the one-body density of the system, it
shows an expansion and contraction in the course of the
evolution being a manifestation of the breathing motion
of the cloud. Regarding the small population of the off-
diagonal elements of ρ(1)(x1, x
′
1; t) occurring within the
time intervals that the system deviates most from its ini-
tial state [see for instance Figs. 9 (c)-(e) and Fig. 8 (a)]
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FIG. 11. (a)-(f) Dynamics of the two-body reduced density
matrix, ρ(2)(x1, x2; t), at specific time-instants (see legends)
of the evolution when performing an interaction quench from
gi = −2 to gf = 2. ρ
(2)(x1, x2; t) for the ground state of (g)
gi = −2 and (h) gf = 2 and (i) the second excited state of
gf = 2. In all cases the two harmonically trapped bosons in
one-dimension are initialized in their ground state of gi = −2.
they essentially indicate the spatial delocalization of a
boson.
In order to complement our understanding of the dy-
namics on the one-body level we next employ the mo-
mentum distribution, n(p1; t) [34, 54]. Figure 10 presents
n(p1; t) in the course of the time-evolution. As it can be
seen, within the initial stages of the dynamics n(p1; t =
0.1) exhibits a peak at p1 = 0 and its shape almost coin-
cides with that of n(p1; 0) [see the inset of Fig. 10]. For
later times n(p1; t) becomes broader (e.g. at t = π/4) and
narrower (e.g. at t = π/2) around p1 = 0, while its corre-
sponding zero-momentum peak takes smaller and higher
values respectively. This behavior of n(p1; t) is also in-
dicative of the two-atom breathing motion in momentum
space [41, 43]. Another important remark here is that
the shape of n(p1; t) in this time interval is very differ-
ent from the ground state n(p1) of gf = 2, see the inset
of Fig.10. Indeed, as we discussed above also higher-
lying excited states contribute to the dynamics (espe-
cially 2νf = 2, 4, 6) and therefore n(p1; t) is a super-
position of all these states. To support our arguments
the inset of Fig.10 illustrates n(p1) for the eigenstates
2νf = 2, 4, 6 of gf = 2. Notice that the participation of
the 2νf > 2 states in the dynamics of n(p1; t) is much
more evident than inspecting ρ(1)(x1, x
′
1; t). For t = π
the shape of n(p1; t) tends close to its initial state n(p1; 0)
for gi = −2 and then performs the above-described ex-
pansion and contraction dynamics around p1 = 0 (not
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FIG. 12. (a) Time-evolution of the fidelity after an interac-
tion quench from the ground state of gi = −2 to different
repulsive interaction strengths gf (see legend). (b) Magni-
tude of the overlap coefficients
∣
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∣2 between 2νi = 0
(initial state) and different 2νf final even eigenstates (see leg-
end) for varying postquench interaction strength gf . In both
cases, two harmonically trapped bosons in one-dimension are
considered.
shown).
C. Two-Body Reduced Density Matrix
The time-evolution of the two-body reduced density
matrix, ρ(2)(x1, x2; t), provides another spatially resolved
measure for the nonequilibrium dynamics of the two-
bosons, see Figs. 11 (a)-(f). For very short evolu-
tion times [Fig. 11 (a)] ρ(2)(x1, x2; t) shows a bunch-
ing tendency across its diagonal. More specifically, it
has a strong peak in the vicinity of the trap center, i.e.
x1 = x2 = 0, suggesting that it is more likely for two
atoms to be located in this spatial region. This behav-
ior is a consequence of the initial attractive interactions
[45] as it can be deduced by a direct comparison with
ρ(2)(x1, x2; 0) [Fig. 11 (g)]. As time passes ρ
(2)(x1, x2; t)
exhibits a two-hump structure along its anti-diagonal
while the diagonal starts to deplete Fig. 11 (b). This
two-hump structure is mainly caused by the contribu-
tion of the ground and the second excited postquench
states [see Figs. 11 (h) and (i) respectively] and in part
from the higher-lying excited states that are populated
during the dynamics. Moreover these two-humps spa-
tially separate for later times, see Figs. 11 (b)-(e) and
finally merge into the diagonal [Fig. 11 (f)] when the sys-
tem tends close to its initial state as it can be deduced
from the fidelity evolution [Fig. 8 (a)]. For later times
ρ(2)(x1, x2; t) again deforms and undergoes a similar to
the above-described dynamics (not shown here).
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FIG. 13. (a) Dynamics of the fidelity following an interaction
quench from a higher-lying even excited state 2νi (see legend)
of the harmonic oscillator for gi = −2 to gf = 2. (b), (c) The
corresponding
∣
∣C2νf ;2νi
∣
∣2 between an initial even eigenstate
2νi (see legend) at gi = −2 and distinct even eigenstates of
the final system at gf = 2. In all cases, two bosons are trapped
in a one-dimensional harmonic oscillator.
D. Further Characteristics of the Dynamical
Response
Next let us examine how the system’s dynamical re-
sponse is affected by the value of the final interaction
strength gf . To reveal this dependence we determine
F (t) for a fixed initial state, being the ground state of
the system at gi = −2, and consider interaction quenches
to different values of a repulsive gf . As shown in Fig. 12
(a), F (t) differs from unity for every gf and in particular
it exhibits an oscillatory behavior. The corresponding
oscillation period is almost insensitive to gf . This can
be understood by the fact that for strong repulsive inter-
actions the energy gaps between the consecutive energy
levels are almost constant, see also Fig. 1, and therefore
the period of F (t) remains unchanged [see also Eq. (20)].
Most importantly, we observe a strong dependence of the
oscillation amplitude on gf , suggesting that the system
is driven more efficiently out-of-equilibrium for stronger
repulsive interactions. Indeed for increasing gf this oscil-
lation amplitude becomes larger and for fixed gf it pos-
sesses a decaying tendency in time after each oscillation
period. This latter decaying behavior of the oscillation
amplitude in the course of the evolution becomes more
prominent for larger gf , e.g. compare F (t) in Fig. 12
(a) for gf = 1 and gf = 5. Indeed for a stronger re-
pulsive postquench interaction strength gf , more higher-
lying excited states acquire a non-negligible amplitude
while the corresponding ground state becomes less popu-
lated, see also Fig. 12 (b) where
∣∣C2νf ;2νi=0∣∣2 is presented
for increasing gf . The latter fact leads to a larger oscil-
lation amplitude for stronger gf and a more pronounced
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dephasing (decaying amplitude) of F (t) since a larger
amount of states contribute to the dynamics.
Finally, we investigate the effect of the initial eigen-
state of the system on the nonequilibrium dynamics. We
consider fixed pre- and postquench interaction strengths,
i.e. gi = −2 and gf = 2 respectively, but initialize the
system in an energetically different eigenstate. Figure
13 (a) illustrates the time-evolution of F (t) for distinct
initial excited eigenstates. Overall F (t) shows an oscil-
latory behavior with a period almost independent of the
energetic order of the initial eigenstate. However, it is
observed that an initially energetically higher eigenstate
leads to a smaller oscillation amplitude of F (t) and thus
to a reduced dynamical response. This effect on the oscil-
lation amplitude of F (t) can be understood by inspecting
the expansion of the fidelity given by Eq. (20). Indeed,
the deviation of F (t) from unity depends strongly on the
values of the overlap coefficients
∣∣C2νf ;2νi ∣∣2 between the
initial and the final contributing system eigenstates. In
particular, if a postquench eigenstate possesses a domi-
nant contribution with respect to all others this would
result in a smaller oscillation amplitude of F (t) when
compared to the situation where a multitude of eigen-
states are significantly populated. The former is exactly
the case when the system is prepared in a higher-lying
eigenstate [see Figs. 13 (b), (c)] while the latter is the sit-
uation where the system is initialized in its ground state
[see the inset of Fig. 8 (b)].
V. CONCLUSIONS
We have investigated the nonequilibrium quantum dy-
namics of two harmonically trapped ultracold atoms
in one spatial dimension by considering an interaction
quench from repulsive to attractive interactions and vice
versa. The interaction potential has been modeled by a
contact interaction.
To set the stage, we provide the analytical expression
of the interacting two-body wavefunction for an arbi-
trary stationary eigenstate. Moreover, we establish the
closed forms of basic observables such as the one- and
two-body reduced density matrices, the momentum dis-
tribution and the fidelity. We also briefly discuss the cor-
responding two-body energy eigenspectrum with varying
interaction strength ranging from attractive to repulsive
values. Subsequently, the form of the time-evolving two-
body wavefunction is provided. In particular, we argue
that the corresponding expansion coefficients acquire a
closed form and therefore the dynamics of the two-body
wavefunction can be obtained by numerically determin-
ing its expansion with respect to the eigenstates of the
quenched system.
Having introduced the theoretical framework for the
two-boson system we analyze its dynamics following an
interaction quench from repulsive to attractive interac-
tions and vice versa. To examine the system’s dynamical
response we utilize the fidelity evolution and its corre-
sponding spectrum. This study allows us to identify the
predominant participating eigenstates after the quench.
Next, we unravel the dynamics of the system on both the
single- and the two-particle level by inspecting the time-
evolution of the one- and the two-body reduced density
matrices respectively. As a consequence of the interac-
tion quench, the system undergoes a breathing motion
being visible in the evolution of the diagonal of both the
one- the two-body density matrices.
Referring to a quench from repulsive to attractive in-
teractions, it is shown that the anti-diagonal of both
quantities develops a two-hump structure signaling the
involvement of energetically higher-lying states. The mo-
mentum distribution exhibits a contraction and expan-
sion of its shape in the course of the evolution possessing
a peak at zero and finite momenta respectively. This lat-
ter behavior of different populated momenta is another
signature of the participation of higher-lying eigenstates
of the postquench system. Remarkably enough, it is
shown that the system’s dynamical response exhibits a
crossover from enhanced to weak response as a function
of the postquench interaction strength. This crossover
is found to be related to the crucial participation of the
bound state in the postquench dynamics for large attrac-
tions. Finally, we showcase that starting from an ener-
getically lower-lying excited state the system is driven
more efficiently out-of-equilibrium.
Turning to the quench from attractive to repulsive in-
teractions we show that the energetically higher-lying
states that are populated due to the quench are imprinted
in the spatial structures which develop as time evolves
onto the reduced density matrices and in particular along
their anti-diagonals. Moreover, the breathing motion of
the cloud is also evident in the time-evolution of the mo-
mentum distribution whose shape exhibits strong signa-
tures of the higher-lying populated states. Finally, we
show that for a fixed initial state of attractive interac-
tions but performing quenches to stronger repulsive inter-
actions results in an enhanced dynamical response. This
behavior holds equally when starting from a lower excited
state but considering the same quench amplitude.
There are several interesting research directions that
can be pursued in a future endeavor. A straightforward
one would be to consider two-bosons in a two-dimensional
harmonic oscillator and examine the corresponding inter-
action quench dynamics from the repulsive to the attrac-
tive regime of interactions and vice versa. Quenches to-
wards the strongly positive or negative scattering lengths
(unitarity limit) and the crucial role in the dynamics of
the existing bound state would be also of particular inter-
est [61–63]. Another intriguing prospect is to investigate
the energy spectrum in the dimensional crossover [64]
from two to one dimensions by considering different trap-
ping frequencies in each spatial direction. Subsequently
one could utilize these spectra in order to achieve con-
trollable state transfer processes.
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FIG. 14. (a) Summation, S, over the first Nf states after the
quench of the square of the overlap coeficients
∣
∣C2νf ;2νi=0
∣
∣
2
between the pre- (2νi = 0) and different postquench eigen-
states 2νf (see legend). (b) Expectation value of the energy
over the first Nf final eigenstates after the quench. (c) Fi-
delity evolution when considering a different number Nf of
postquench eigenstates (see legend). In all cases the system
consists of two harmonically trapped bosons being prepared
in the ground state of gi = 2 and we follow an interaction
quench to gf = −2.
APPENDIX: NUMERICAL CONVERGENCE OF
OBSERVABLES
Let us elaborate on the numerical convergence of our
findings. Indeed, the time-evolution of all observables is
expressed by an expansion over all stationary eigenstates
of the postquench system. Therefore it is necessary to
demonstrate numerical convergence of these observables
in terms of the finite basis size that we have used. We
remark that for our calculations presented in the main
text we employ up to the first 103 eigenstates of the
postquench system depending on the observable of in-
terest (see also below). Also, 400 grid points have been
used for achieving an adequate spatial resolution of the
observables.
In the following, we showcase the convergence of our
results for some representative quantities such as the nor-
malization of the considered expansion coefficients, the
energy of the system and the fidelity evolution after the
quench. Focusing on the interaction quench from attrac-
tive gi = −2 to repulsive interactions gf = 2 we show
below the numerical convergence of the above-mentioned
quantities for an increasing number Nf of the system’s
postquench eigenstates. Since we consider that the two-
body wavefunction, Ψ0;2νf (x1, x2; t) [see also Eq. (13)], is
normalized to unity then the corresponding overlap co-
efficients should satisfy
∑
0≤νf≤Nf
|C2νf ;2νi |2 = 1. In
the latter expression we have introduced a finite up-
per bound, Nf , in the summation indicating the size
of our finite truncated basis. Figure 14 (a) shows S ≡∑
0≤νf≤Nf
|C2νf ;2νi=0|2 of distinct final even eigenstates
2νf for increasing Nf . As it can be readily seen, S con-
verges rapidly for Nf > 30 independently of the νf . On
the other hand, the expectation value of the energy af-
ter the quench reads 〈E〉 =∑0≤νf≤Nf E2νf |C2νf ;2νi=0|2.
We observe that 〈E〉 [see Fig. 14 (b)] saturates to its
final value much slower than S does [compare Figs. (14)
(a) and (b)] and in particular for the specific quench
amplitude for Nf > 500. Turning to the fidelity evo-
lution F (t) = |∑0≤νf≤Nf e−iE2νf t|C2νf ;2νi=0|2|, see Fig.
14 (c), we can deduce that for Nf > 15 it is insensitive
to a further adding of states. Finally, we remark that a
similar analysis has been performed for all other quench
scenarios, e.g. from repulsive to attractive interactions,
discussed in the main text and found to be absolutely
converged (not shown here for brevity).
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